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We consider the effects of quantum anomalies involving the baryon current for high-density matter.
In the effective Lagrangian, the anomaly terms describe the interaction of three light fields: the
electromagnetic photons Aµ, neutral light Nambu-Goldstone bosons (pi, η, η
′), and the superfluid
phonon. The anomaly induced interactions lead to a number of interesting phenomena which may
have phenomenological consequences observable in neutron stars.
PACS numbers: 12.38.Aw, 11.27.+d, 26.60.+c, 97.60.Jd
Introduction.—The rich phase diagram of QCD at high
baryon density has attracted considerable attention re-
cently [1]. Much of attention has been paid to the deter-
mination of possible symmetry breaking patterns, which
are important for understanding the low-energy dynam-
ics. A typical example is QCD with three light fla-
vors. The ground state [the color-flavor-locked (CFL)
phase] was determined to break baryon number, chiral
and U(1)A symmetries. One then writes down an ef-
fective Lagrangian and find it parameters by matching
calculations.
On the other hand, effects originating from quantum
anomalies have not been systematically studied (excep-
tions include Refs. [2, 3]). It is well known that anomalies
have important implications for low-energy physics: the
electromagnetic decay of neutral pions is a textbook ex-
ample. In this Letter we investigate the roles of anoma-
lies at finite density. In contrast to previous works, we
concentrate on the anomalies involving the baryon cur-
rent. The effects coming from these anomalies are strik-
ingly unusual; they reveal intricate interactions between
the topological objects such as vortices and domain walls,
the Nambu-Goldstone (NG) bosons and gauge fields. We
mention here only two effects: (i) there are classical weak
neutral currents flowing on superfluid vortices; (ii) there
are electric currents flowing on U(1)A vortices, which ex-
ist at high energies [4]. More effects are considered in the
paper.
Anomalies.—One method to derive anomalous terms
in effective theories is to put the system in external back-
ground gauge fields and require that the effective theory
reproduces the anomalies of the microscopic theory. We
thus consider QCD in the background of two U(1) fields:
the electromagnetic field Aµ and a fictitious (spurion) Bµ
field which couples to the baryon current. Only at the
end of the calculations we will put Bµ = µnµ, nµ = (1,~0),
corresponding to a finite baryon chemical potential. (The
technique resembles the one used in Refs. [5, 6] in a sim-
ilar context.) The Lagrangian describing the coupling of
quarks with Bν is
LB = ψ¯γ
ν
(
i∂ν +
1
3
Bν
)
ψ (1)
(the baryon charge of a quark is taken to be 1/3). The
Lagrangian is invariant under U(1)B gauge transforma-
tions
q → eiβ/3q, (2a)
Bµ → Bν + ∂µβ, (2b)
The QCD Lagrangian is also invariant under Lorentz
transformations, assuming Bν transforms as a vector.
Let us assume that the baryon number symmetry is
spontaneously broken. The low-energy dynamics then
contains a NG boson ϕB, which is the U(1)B phase of
the condensate. This mode is the superfluid phonon and
exists in both the CFL phase and in nuclear matter with
nucleon pairing. The transformation property of ϕB can
be found from Eq. (2a),
ϕB → ϕB + 2β (3)
where the factor 2 is the baryon charge of the U(1)B
breaking order parameter (assumed to have the baryon
charge of a Cooper pair of two baryons). We also assume
the there exist a neutral NG boson which comes from
breaking of a chiral symmetry. This can be a π0, η or η′
boson. To keep our discussion general, we introduce the
current which creates this boson,
jAµ =
1
2
Nf∑
i=1
Q5i ψ¯iγµγ
5ψi (4)
For example, for π0, Q5u = −Q
5
d = 1, Q
5
s = 0, and for
η′, Q5u = Q
5
d = Q
5
s = 1. This current generates a chiral
transformation,
ψi → exp
( i
2
αQ5i γ
5
)
ψi . (5)
The NG boson is characterized by a phase ϕA, which
transforms under (5) as
ϕA → ϕA + qAα , (6)
where qA is a number characterizing the axial charge of
the condensate. The factor 1
2
was introduced in Eqs. (4)
2and (5) so that the U(1)A charge of the chiral conden-
sate 〈qLq¯R〉 is one. In color superconducting phases, the
current will be normalized so that qA = 2.
The effective low-energy description must respect the
U(1)B gauge symmetry and be invariant under the gauge
transformations (2) and (3). Therefore, in the effective
Lagrangian the derivative ∂µϕB should always appear
in conjunction with Bµ to make a covariant derivative
DµϕB = ∂µϕB − 2Bµ. Vice versa, each occurrence of
Bµ has to accompanied by a −
1
2
∂µϕB. The effective La-
grangian should be relativistically invariant before the
replacement Bµ → (µ,~0) is made [7].
In the absence of background fields, neglecting the
quark masses, the chiral current (4) is conserved if∑
iQ
5
i = 0. The conservation is violated for
∑
iQ
5
i 6= 0
by instanton effects, but at sufficiently high density such
effects are suppressed. In the presence of the background
electromagnetic and U(1)B fields, the conservation of (4)
is violated by triangle anomalies:
∂µjAµ = −
1
16π2
(
e2CAγγF
µν F˜µν − 2eCABγB
µν F˜µν
+ CABBB
µνB˜µν
) (7)
where Fµν = ∂µAν − ∂νAµ and Bµν = ∂µBν − ∂νBµ;
F˜µν =
1
2
ǫµναβF
αβ , B˜µν =
1
2
ǫµναβB
αβ . The coefficients
C’s in Eq. (7) are given by
CAγγ = 3
∑
i
Q5i (Qi)
2, CABγ =
∑
i
Q5iQi,
CABB =
1
3
∑
i
Q5i
(8)
The effective theory has to reproduce the anomaly re-
lation (7). In the effective theory ∂µj
A
µ can be found from
the change of the action under the transformations (5)
and (6): δS = −
∫
d4x∂µα jAµ =
∫
d4xα ∂µjAµ . From the
condition of anomaly matching one can deduce that the
effective Lagrangian contains the following terms,
Lanom =
1
8π2qA
∂µϕA(e
2CAγγAν F˜
µν
− 2eCABγBνF˜
µν + CABBBνB˜
µν)
(9)
According to our previous discussion, each Bµ has to
come with − 1
2
∂µϕB. Replacing Bµ → Bµ −
1
2
∂µϕB, and
setting afterward Bµ = µnµ, we find
Lanom =
1
8π2qA
∂µϕA
[
e2CAγγAν F˜
µν
− 2eCABγ
(
µnν −
1
2
∂νϕB
)
F˜µν
− 1
2
CABB ǫ
µναβ
(
µnν −
1
2
∂νϕB
)
∂α∂βϕB
] (10)
The term proportional to CAγγ in Eq. (10) describes
two-photon decays like π0 → 2γ and η′ → 2γ. Such
processes occur already in the vacuum. At finite den-
sity π0 → 2γ was considered previously in Ref. [2] using
a different technique, while η′ → 2γ was considered in
Ref. [3] using the technique adopted in this paper. We
do not consider these terms here. The new terms are the
ones proportional to CABγ and CABB.
At first sight, these new terms either vanish identically
or are full derivatives and cannot have any physical effect.
This is true when the NG fields ϕA and ϕB are small
fluctuations from zero. In particular, π0 does not decay
to a phonon and a photon. However, as ϕA,B are periodic
variables, the action can be nonzero if either or both
variables make a full 2π rotation. This occurs in the
presence of topological defects like vortices or domain
walls.
2SC and CFL phases.—Our discussion so far has been
rather general. We now specialize ourselves on two spe-
cific color superconducting phases: the two-flavor color
superconducting (2SC) and the CFL phases, and discuss
the topological defects in these phases.
In the 2SC phase, baryon number is not spontaneously
broken, hence the field ϕB does not exist. On the other
hand, the U(1)A symmetry is broken by a field Σ con-
structed from diquark condensates. There is a single
U(1)A NG boson η which corresponds to the U(1)A cur-
rent jAµ =
1
2
ψ¯γµγ5ψ (Q5u = Q
5
d = 1). Σ has charge 2
under U(1)A: qA = 2. If the η mass is sufficiently small,
there are metastable domain walls where ϕA changes by
2π [4]. The boundary of such walls are closed η vortices.
The coefficients C’s are
CAγγ =
5
3
, CABγ =
1
3
, CABB =
2
3
(11)
In the CFL phase, the gauge-invariant order parame-
ters are also constructed from diquarks,
Xai = ǫijkǫabcǫαβ(qjbα q
kc
β )
∗ (12a)
Y ai = ǫijkǫabcǫα˙β˙(qjbα˙ q
kc
β˙
)∗ (12b)
as Σ = X†Y which is a 3 × 3 matrix which breaks chi-
ral and U(1)A symmetries. One can also construct, e.g.,
W = detX Tr (X−1Y ) which breaks the baryon number.
In terms of quark fields, Σ ∼ q¯2Lq
2
R, and W ∼ q¯
4
Lq¯
2
R.
Obviously, the CFL phase has baryon vortices, see
Ref. [3] for details. In fact, a rotating CFL core of a
star has to be threaded by a vortex lattice. There are
also U(1)A domain walls [4]. The wall is actually not
a pure U(1)A wall due to the mixing of η and η
′. If
one parametrizes the three neutral axial NG bosons by
Σ = diag (eiϕ1 , eiϕ2 , eiϕ3) then ϕ3 is the lightest boson.
It is generated by the current
jAµ =
1
2
(
u¯γµγ
5u+ d¯γµγ
5d− s¯γµγ
5s
)
, (13)
i.e., Q5u = Q
5
d = −Q
5
s = 1. The transformation generated
by jAµ leaves ϕ1 and ϕ2 unchanged, and changes only ϕ3,
with qA = 2. The coefficients C’s are
CAγγ =
4
3
, CABγ =
2
3
, CABB =
1
3
(14)
3In the CFL phase, the photon is mixed with a com-
ponent of the gluon field. For colorless objects the effect
of this mixing is small if the electromagnetic coupling is
much smaller than the strong coupling. We will neglect
this effect in the future.
Nuclear matter—The anomalous Lagrangian in nuclear
matter can be derived in a similar fashion. We assume
that neutrons as well as protons form a superfluid which
is characterized by the phases ϕn and ϕp correspondingly.
We also allow for the neutrons and the protons to have
different chemical potentials, µn and µp respectively. The
NG boson we consider is the π0, which is parametrized
by the phase ϕpi . The axial current is normalized so that
qA = 1; so ϕpi is related to the canonically normalized π
0
field as ϕpi = π
0/fpi, fpi ≈ 93 MeV in the vacuum. The
following Lagrangian is obtained from Eq. (10),
Lanom =
∂µϕpi
8π2
[
e2Aν F˜
µν + eǫµναβAν∂α∂βϕp
− ǫµναβ
(
µpnν −
1
2
∂νϕp
)
∂α∂βϕp
− ǫµναβ
(
µnnν −
1
2
∂νϕn
)
∂α∂βϕn
] (15)
Armed with the effective anomalous Lagrangians (10)
and (15), we now can discuss physical consequences of
quantum anomalies in densed matter. We do not try to
exhaust all effects, but we would like to mention a few
representative ones.
Axial current on a superfluid vortex.—To start, let us
consider a superfluid (baryon) vortex. For definiteness,
we assume the CFL phase, but many details are applica-
ble for nuclear matter as well. Let the vortex be parallel
to the z axis and located at x = y = 0. Around the vor-
tex ϕB changes by 2π, and in the center of the vortex it is
ill-defined. Outside the core ǫµναβ∂α∂βϕB = 0, and the
term in Lanon that contains ϕB vanishes. However, at
the vortex core, as usual, (∂x∂y − ∂y∂x)ϕB = 2πδ
2(x⊥).
The action becomes
Sanom =
µ
12π
∫
dt dz ∂zϕA (16)
where the integral is a linear integral along the vortex
line. Now let us recall that the axial current JAµ is ob-
tained, from Noether’s theorem, by differentiating the
action with respect to ∂µϕpi. One sees immediately that
there is an axial current running on the superfluid vortex,
with a magnitude of µ/(12π). This current, naturally, is
coupled to the Z boson.
From Eq. (15) one finds an axial current on a neutron
superfluid vortex in nuclear matter. This current can be
understood as a nonzero density of nucleon spin on the
vortex.
Axial boson–photon coupling on a baryon vortex.—In
the CFL phase there is the following term in the effective
Lagrangian,
∂µϕA∂νϕBF˜
µν ∼ ϕA∂µ∂νϕBF˜
µν (17)
This term is zero for topologically trivial field configu-
rations but does not vanish in the presence of vortices.
For a baryon vortex located at x = y = 0 we again set
(∂x∂y − ∂y∂x)ϕB = 2πδ
2(x⊥), and the Lagrangian term
becomes δ2(x⊥)ϕAF03. We thus find that there is a lin-
ear coupling of neutral NG bosons with the electric field
in the vortex core. Therefore, NG boson (π0, η, η′) strik-
ing the vortex line can be converted to one photon and
vibrations of the vortex line. In the absense of vortices
these bosons can only decay into two photons.
Similar conclusion can be reached for π0 striking the
proton superfluid vortex in nuclear matter.
Magnetization of axial domain walls.—Let us consider
an axial domain wall in an external magnetic field. Such
domain walls exist at very high densities where instanton
effects are suppressed [4]. When the baryon field Bν is
treated as a background, Bν = (µ,~0), the following term
is present in the anomaly Lagrangian:
LABγ =
eCABγµ
8π2
~B · ~∇ϕA (18)
where we have set qA = 2 and ~B is the magnetic field.
Consider now a U(1)A domain wall streched along the xy
directions. On the wall ϕA has a jump by 2π. Now turn
on a magnetic field perpendicular to the wall, i.e., along
the z direction. Equation (18) implies that the energy
is changed by a quantity proportional to BS, where S is
the area of the domain wall. This means that the domain
wall is magnetized, with a finite magnetic moment per
unit area equal to eCABγµ/(4π). The magnetic moment
is directed perpendicularly to the domain wall. For the
2SC and CFL phases the magnetic moment per unit area
is eµ/(12π) and eµ/(6π), respectively.
Currents on axial vortices.—The same effect can be
looked at from a different perspective. One rewrites
Eq. (18) into the following form,
Lanom =
eCABγµ
4π2
ǫijkAi ∂j∂kϕA (19)
Since ǫijk∂j∂kϕA ∼ 2πδ
2(x⊥) on the vortex core, the
action can be written as a line integral along the vortex,
Sanom =
eCABγµ
2π
∫
d~ℓ · ~A (20)
which means that there is an electric current running
along the core of the axial vortex, which is similar to the
axial current on baryon vortices. The magnitude of the
current is given by
jem =
eCABγµ
2π
(21)
Taking µ ∼ 1.5 GeV, in the CFL phase this is about
40 kA.
Naturally, the electromagnetic current running along
a closed vortex loop generates a magnetic moment equal
4to 1
2
jS, where S is the area of the surface enclosed by the
loop. This is exactly what we found in Eq. (18). A large
vortex loop, therefore, has a magnetic moment that can
be interpreted as created by the current running along
the loop, or as the total magnetization of the domain
wall stretched on the loop. The two pictures come from
the same term in the anomaly Lagrangian.
An axial vortex loop also carries angular momentum.
To see that, let us place a vortex loop inside a rotating
quark matter. We thus put in Eq. (9) Bν = µvν where
vν is the local velocity and ∂ivj − ∂jvi = 2ǫijkωk. The
ABB term in Eq. (9) reads
LABB =
CABBµ
2
8π2
~ω · ~∇ϕA (22)
which implies that the domain wall is characterized by
a constant angular momentum per unit area, equal to
CABBµ/(4π). As in the case of the magnetic moment,
this angular momentum can alternatively be interpreted
as being carried by an energy (mass) current running
along the vortex surrounding the wall.
As is well known, for a relativistic system in order
to have a nonzero value for the angular momentum
M ij =
∫
d3x (xiT 0j−xjT 0i) one needs a time dependence
such that T 0i 6= 0. Such time dependece is automatically
appears if a system put into a medium [8]. In our case
the construction of Ref. [8] is automatically realized due
to a nonzero value of µ in our system.
Conclusions.—We have seen that the quantum anoma-
lies, especially those involving the baryon current, lead to
new and extremely unusual effects in high-density mat-
ter. The effects appear when topological objects (vor-
tices, domain walls) are present. Some effects may have
consequences for the physics of compact objects, which
are to be explored. Of particular interest is the finding
that baryon vortices in the CFL phase and in nuclear
matter carry weak neutral current, which interact with
neutrinos and may affect the cooling process of neutron
stars.
Some of the effects discussed in this paper have pre-
cursors previously discussed in the literature. The cur-
rents flowing on vortices are reminiscent of Witten’s su-
perconducting strings [9] and of zero fermion modes on a
vortex [10]. Previously, Witten’s construction has been
considered for dense matter [11–13]. In our case, the cur-
rents on vortices appear in a much more direct fashion.
It should be said that there are many more physi-
cal effects of anomalies that have not been considered
in this paper. They be retrieved quite easily from the
Lagrangian terms derived here. One particularly inter-
esting effect is that there is an electric charge located at
the junction of a U(1)A domain wall and a baryon vortex,
and that this charge is fractional.
All results in this paper have been derived from the
anomaly terms of the effective Lagrangian and do not rely
on details of the microscopic QCD Lagrangian, except
for anomaly relations in the latter. On the other hand, it
should be possible to understand the microscopic origin
of the vortex currents found here. We plan to return to
this question in the future.
We have concentrated in this paper on a few phases of
dense matter (neutron superfluids, 2SC and CFL phases).
The results should be extendable to other phases, e.g.,
phases with kaon and eta condensation [14].
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